Spontaneously Broken Spacetime Symmetries and Goldstone's Theorem by Low, I & Manohar, A V





































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2dilaton, to make the Lagrangian conformally invariant.
3
As a simple example, consider a scalar 
4
theory in four
dimensions which can be made conformally invariant by













































Note that, under a scale transformation x ! e
 d
x, the
eld  transforms in a non-linear way (x)! (e
 d
x) 
d=f and is indeed the Goldstone mode corresponding to
the dilatation. The Lagrangian Eq. (1) describes a theory
with spontaneously broken conformal symmetry, with
one massless mode coupling to the dilatation current.
There are no additional massless modes corresponding
to the breaking of the special conformal transformations.
Assume that a symmetry group G with dimG gener-
ators T
A
(capital Roman superscript) is broken down to
a symmetry group H with dimH generators T

(Greek
superscript). The remaining dimG   dimH generators
T
a
(lower case Roman superscript) are referred to as the
broken generators. Let (r) be the symmetry breaking
order parameter, T

h(r)i = 0, and T
a
h(r)i 6= 0. In
the case of internal symmetry breaking (r) is a scalar
eld, but for spacetime symmetry breaking, (r) can be
a tensor eld.
Consider rst the case of a broken internal symmetry.
The massless modes are small amplitude long-wavelength












(r) is now a slowly varying function of r. The
generators T

corresponding to the unbroken generators





can be chosen independently, and the
number of independent modes is clearly the same as the
number of broken generators, dim(G=H).
For spontaneously broken spacetime symmetries, the
number of massless modes is no longer equal to the num-
ber of broken generators. Massless modes are still given
by small amplitude long-wavelength uctuations of the
order parameter, Eq. (2), where c
a
can depend on the
coordinates r in the directions in which translation re-
mains unbroken. The number of independent massless
modes is the number of broken generators dim(G=H)
minus n
x





h(r)i = 0: (3)
The key point is that n
x
 0: there can be non-trivial




both depend on r.
3
This is related to the fact that a theory which is scale invariant is
also conformal invariant if a certain condition is satised, which















FIG. 1: A ground state with a string breaks the three-
dimensional Poincare group down to the two-dimensional
Poincare group. Global translation and rotation on the string
are distinctly dierent, whereas the eects of local translation
and rotation on the string can be made the same.
The generators T
a
are linearly independent, but the long-
wavelength uctuations they produce need not be. The
number of Goldstone bosons is then dim(G=H) n
x
, and
is reduced from the naive counting of broken generators.
Equation (3) can always be used to determine n
x
, even in
the case of internal symmetries. If the generators T
a
are




It is easy to see how there could be non-trivial solu-
tions to Eq. (3), thus reducing the number of Goldstone
modes. Consider in three dimensions, a ground state
with an innitely long, straight string parallel to the y
axis, as shown in Fig. 1. The three-dimensional Poincare
group is spontaneously broken to the two-dimensional
Poincare group. A rotation in the x-y plane changes the
orientation of the string, whereas a translation in the x
direction shifts the string parallel to itself. The eect of
these two symmetry operations are apparently very dif-
ferent. Nevertheless, if we perform a local translation on
the string, in the sense that the amount of translation
is dierent at every point on the string, the eect is to
produce a bump on the string. This bump can clearly be
compensated by performing a local rotation on the string
(see Fig. 1).







where  only depends on y, the coordinate in the direc-










Goldstone modes can only propagate in the direction of the un-
broken translations. They have a dispersion relation !(k) with
!(k) ! 0 as k ! 0. k is only dened in the translationally
invariant directions. The broken translation P
x
generates trans-
lational zero-mode describing the uctuations of the string in the
x direction.
3where  only depends on y. Requiring these two opera-






where we have used P
y







valid for spinless particles.
5
Equation (6) is
clearly satised by choosing (y) =  y(y). Note that no
solution would be possible if  and  were both chosen to





independent massless excitations, and n
x
> 0.


















































are unbroken generators and thus annihilate the
vacuum. If the T
a





and Eq. (7) implies that c
a
are constant, so that Eq. (3)
has no non-trivial solutions.
















h(r)i = 0: (9)
This is equivalent to saying that the Goldstone mode for
T
b
and the gradient of the Goldstone mode for T
a
are
linearly dependent, so they do not generate independent
massless excitations. The non-trivial solutions to Eq. (9)
reduce the number of Goldstone bosons, and there is a
one-to-one correspondence between the non-trivial solu-
tions of Eq. (9) and Eq. (3). We will see that Eq. (9)
also occurs in the coset construction of the low energy
eective theory.
Propagating Goldstone modes exist when there are
unbroken translational directions. It is also interesting
to consider congurations which break all the transla-
tional invariance; for example a soliton such as a mag-
netic monopole or Skyrmion. In this case, one has zero
modes that correspond to changes in the collective coor-
dinates of the soliton. The counting here is the same as
in the case for internal symmetry, and there is no rela-
tion between the translational and rotational generators.
We can see this from Eq. (3) as well. We stressed that
the spacetime dependence of the coeÆcients c
a
(r) is on
the coordinate in the unbroken translation. When all the
translations are broken, c
a
(r) have no spacetime depen-
dence and are purely constants, Eq. (3) has no non-trivial
5











(x) between the stress-tensor and the angular momentum
density.
solutions, and the counting is the same as for internal
symmetries.
To see how the counting of Goldstone modes works for




































































where D is the generator for dilatation, and K
M
are the
generators for special conformal transformations. If the d
dimensional Poincare group is broken down to the (p+1)
dimensional Poincare group due to the presence of the p-














are the broken rotational and trans-




do not generate independent Goldstone modes. Similarly,
for the conformal group spontaneously broken down to





] h(r)i =  2i
MN
D h(r)i (17)
and therefore all the modes for K
N
can be eliminated,
leaving only the dilaton.
Next we apply the coset construction for theories with
spontaneous symmetry breaking, introduced in Ref. [7]
for internal symmetries and modied in Ref. [5] for space-
time symmetries, to the discussion of counting massless
modes. It is convenient to divide the unbroken genera-
tors T

into the unbroken momenta P

, and the rest, V
s
.
Consider the group element









































(x); g) is an element of H depending on 
a
(x)





(x) becomes linear. For example,
if g is one of the unbroken Lorentz generators, it sim-
























) = (x). This is
6
Recall that we can think of the spacetime coordinates x
M
as
parameterizing the coset (Poincare)/(Lorentz).
4why P

play the same role as other broken generators in

(x; ).
In order to construct an eective action invariant under





























are related to the spacetime vielbeins and the covariant

























On the other hand, !
V
is the gauge eld (sometimes











and has the same transformation law as the gauge eld
under local transformations of H.
In order to compute Eq. (20), we need the following







































contribute to the spacetime viel-




contribute to to the covari-




contribute to the spin connection Eq. (23). Fo-




















 acting on hi,



















Here we see the possibility of expressing some of the
Goldstone modes in terms of derivative of other Gold-
stone modes by setting Eq. (27) to zero, which reduces
the number of independent Goldstone modes that occur
in the eective Lagrangian. Note that the linearized co-
variant derivative is exactly Eq. (9), the condition for
non-trivial solutions to Eq. (3).
For the case of a p-brane breaking the Poincare group
















































































as well as 
b
(x), the Goldstone eld for the
broken rotational generators. It is therefore possible to
solve for 
b
(x) in terms of the derivatives of Y
a
(x) by
setting the covariant derivative to zero.
For the spontaneous breaking of conformal symmetry,
























 by setting the covariant derivative of the dila-
ton eld to zero. The fact that one can eliminate some
Goldstone elds this way is called the inverse Higgs eect
in Ref. [10].
As a nal note, it should be clear that choosing a dif-
ferent parameterization of the coset space G=H would
give a dierent relation among the various Goldstone
modes. Nevertheless, the number of massless modes is
determined by the non-vanishing f
ab
in Eq. (24), and
the number of Goldstone modes is independent of the
parameterization of the coset.
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